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ON THE DUALITY OF C-FUSION FRAMES IN HILBERT
SPACES
A. RAHIMI, Z. DARVISHI, B. DARABY
Abstract. Improving and extending the concept of dual for frames,
fusion frames and continuous frames, the notion of dual for continuous
fusion frames in Hilbert spaces will be studied. It will be shown that
generally the dual of c-fusion frames may not be defined. To overcome
this problem, the new concept namely Q-dual for c-fusion frames will
be defined and some of its properties will be investigated.
1. Introduction
Frames arise in many applications in both pure and applied mathemat-
ics. Frame theory is nowadays a fundamental research area in mathematics,
computer science and engineering with many exciting and interesting appli-
cations in a variety of different fields. Frames were introduced by Duffin and
Scheaffer [9] in the context of non-harmonic Fourier series. The importance
and significance of frames for signal processing has been revealed in the pi-
oneering work by Daubechies, Grossman and Meyer in 1986, [8]. Since then
frame theory has quickly become the key approach whenever redundant, yet
stable, representations of data are required.
One goal in frame theory is to construct large frames by fusing smaller
frames, and, in fact, this was the original reasoning for introducing fusion
frames by Casazza and Kutyniok, [6].
The concept of generalization of frames was proposed by Kaiser [19] and
independently by Ali, Antoine and Gazeau [1] to a family indexed by some
locally compact space endowed with a Radon measure. These frames are
known as continuous frames. Gabardo and Han in [14] called these frames
frames associated with measurable spaces and Askari-Hemmat, Dehghan and
Radjabalipour in [4] called them generalized frames and they are linked to
coherent states in mathematical physics, [1]. For more studies, the interested
reader can also refer to [2, 13, 5, 22].
Combining fusion and continuous frames was the main motivation for
defining the new concept named c-fusion frames [10, 11].
Throughout this paper, H is a Hilbert space, B(H) the set of all bounded
operators on H and H the collection of all closed subspaces of H. Also,
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(X,µ) is a measure space with positive measure µ and v : X → [0,+∞) a
measurable mapping such that v 6= 0 almost every where.
1.1. Frames in Hilbert spaces.
Definition 1.1. A countable family {hi}i∈I in a Hilbert space H is called
a frame for H if there exist constants 0 < A ≤ B < +∞ such that
A‖h‖2 ≤
∑
i∈I
|〈h, hi〉|2 ≤ B‖h‖2,
for all h ∈ H.
If the upper bound condition holds, not necessarily the lower bound, it is
called a Bessel sequence. If {hi}i∈I is a Bessel sequence, then the following
operators are bounded
TF : l
2(I)→H, TF {ci}i∈I =
∑
i∈I
cihi, {ci}i∈I ∈ l2(I)
T ∗F : H → l2(I), T ∗Fh = {〈h, hi〉}i∈I , h ∈ H
and
SF : H → H, SFh =
∑
i∈I
〈h, hi〉hi, h ∈ H.
These operators are called synthesis operator, analysis operator and frame
operator, respectively.
If {hi}i∈I is a frame, then SF is bounded, positive and invertible operator
and the following “reconstruction formula” holds for all h ∈ H
h =
∑
i∈I
〈h, S−1F hi〉hi =
∑
i∈I
〈h, hi〉S−1F hi.
The family {S−1hi}i∈I is also a frame for H, called the canonical dual frame
of {hi}i∈I . In general, the Bessel sequence {ki}i∈I is called a dual of the
Bessel sequence {hi}i∈I , if the following formula holds
h =
∑
i∈I
〈h, ki〉hi
for all h ∈ H. In this case both {hi}i∈I and {ki}i∈I are frames for H. For
more detail, refer to [7].
1.2. Fusion frames in Hilbert spaces.
Definition 1.2. Let H be a Hilbert space and I be a (finite or infinite)
countable index set. Assume that {Wi}i∈I is a sequence of closed subspaces
of H and {vi}i∈I is a family of weights, i.e., vi > 0 for all i ∈ I. We say that
the family W = {(Wi, vi)}i∈I is a fusion frame or a frame of subspaces
with respect to {vi}i∈I for H if there exist constants 0 < A ≤ B < ∞ such
that
A‖x‖2 ≤
∑
i∈I
v2i ‖piWi(x)‖2 ≤ B‖x‖2 ∀x ∈ H,
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where piWi denotes the orthogonal projection onto Wi, for each i ∈ I. The
fusion frame W = {(Wi, vi)}i∈I is called tight if A = B and Parseval
if A = B = 1. If all vi
,s take the same value v, then W is called v-
uniform. Moreover, W is called an orthonormal fusion basis for H if
H =⊕i∈I Wi. If W = {(Wi, vi)}i∈I possesses an upper fusion frame bound
but not necessarily a lower bound, we call it a Bessel fusion sequence
with Bessel fusion bound B. The normalized version of W is obtained when
we choose vi = 1 for all i ∈ I. Note that, we use this term merely when
{(Wi, 1)}i∈I formes a fusion frame for H.
We consider the Hilbert space
⊕i∈IWi =
{{hi}i∈I : hi ∈Wi, ∑
i∈I
‖hi‖2 < +∞
}
with inner product 〈{hi}i∈I , {ki}i∈I〉 =
∑
i∈I〈hi, ki〉. We associate to a
Bessel fusion sequence (W,v) the following bounded operators
TW,v : ⊕i∈IWi →H, TW,v{hi}i∈I =
∑
i∈I
vihi
and
T ∗W,v : H → ⊕i∈IWi, T ∗W,vh = {vipiWi(h)}i∈I .
The operator TW,v called the analysis operator and T
∗
W,v the synthesis oper-
ator. The operator SW,v = TW,vT
∗
W,v called the fusion frame operator, it is
a bounded, positive and invertible operator and A ≤ SW,v ≤ B.
In [15], Ga˘vrut¸a gave results on the duality of fusion frame in Hilbert
spaces. Heineken and et.al. studied a new concept of dual fusion frame,
entitled, Q-dual of fusion frame in [17]. Their definition as follows: Assume
that (V, v) and (W,w) are fusion frames for H. If there exists Q ∈ B(V,W)
such that TW,wQT
∗
V,v = IH, then (W,w) is called Q-dual fusion frame of
(V, v).
1.3. Continuous frames in Hilbert spaces.
Definition 1.3. Let H be a complex Hilbert space and (X,µ) a measure
space with positive measure µ. A mapping F : X →H is called a continuous
frame for H with respect to (X,µ), if
(1) for all h ∈ H, x 7→ 〈h, F (x)〉 is a measurable function on X.
(2) there exist constants 0 < A ≤ B < +∞ such that
A‖h‖2 ≤
∫
X
|〈h, F (x)〉|2dµ(x) ≤ B‖h‖2, h ∈ H;
This mapping is called Bessel if the second inequality holds. In this
case, B is called Bessel constant. If F : X → H is a Bessel mapping
and φ ∈ L2(X,µ), then the operators
TF : L
2(X,µ)→H, TF (φ) =
∫
X
φ(x)F (x)dµ(x), φ ∈ L2(X,µ)
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T ∗F : H → L2(X,µ), (T ∗Fh)(x) = 〈h, F (x)〉, h ∈ H, x ∈ X
are well-defined and bounded. The operator TF is called the synthesis op-
erator and T ∗F the analysis operator of F . The operator SF = TFT
∗
F is
called the continuous frame operator. Like for discrete frames, this operator
is bounded, positive and invertible operator. It can be shown that for a
given continuous frame F , the mapping S−1F F is also a fusion frame, [22].
It is called canonical dual fusion frame. Gabardo and Han in [14] defined
dual frame for a continuous frame as follows: Let F and G be continuous
frames with respect to (X,µ) for H. The pair (F,G) is called a dual pair, if
TGT
∗
F = IH.
Continuous frames were developed by several authors in different aspects.
One of these aspects is c-fusion frame, [10]. In section 2, we will remind
c-fusion frame definition and in section 3, we state the concept of Q-duality
of c-fusion frames in Hilbert spaces.
2. c-fusion frames
Let H be the collection of all closed subspaces of H. Also, let F : X → H
and L2(X,H, F ) be the class of all measurable mappings f : X → H such
that for each x ∈ X, f(x) ∈ F (x) and ∫
X
‖f(x)‖2dµ(x) < ∞. It can be
verified that L2(X,H, F ) is a Hilbert space with the inner product defined
by
〈f, g〉 =
∫
X
〈f(x), g(x)〉dµ(x)
for f, g ∈ L2(X,H, F ). For brevity, we will denote L2(X,H, F ) by L2(X,F ).
Definition 2.1. Let F : X → H be a mapping such that for each f ∈ H,
the mapping x 7→ piF (x)(h) be measurable. We say that (F, v) is a c-fusion
frame for H if there exist constants 0 < A ≤ B < +∞ such that
A‖h‖2 ≤
∫
X
v2(x)‖piF (x)(h)‖2dµ(x) ≤ B‖h‖2, h ∈ H
where piF (x) denotes the orthogonal projection of H on F (x). It is called a
tight c-fusion frame forH if A = B and Parseval c-fusion frame if A = B = 1.
If we have only the upper bound, we call (F, v) a c-Bessel mapping for H.
If (F, v) is a c-Bessel mapping for H, then we define the synthesis operator
TF,v : L
2(X,F )→H, TF,vf =
∫
X
v(x)f(x)dµ(x),
for f ∈ L2(X,F ). This operator is a bounded linear operator. Its adjoint
T ∗F,v : H → L2(X,F ), T ∗F,vh = vpiF (h), h ∈ H
is called the analysis operator. The operator SF,v = TF,vT
∗
F,v is called c-
fusion frame operator, it is positive and self-adjoint operator. It is easy to
verify
SF,vh =
∫
X
v2(x)piF (x)(h)dµ(x), h ∈ H.
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Furthermore, if (F, v) is a c-fusion frame, then SF,v is an invertible operator
on H and
h =
∫
X
v2(x)S−1F,vpiF (x)(h)dµ(x), h ∈ H.
For more details, refer to [11].
3. Q-Duality of c-fusion frames
Duality of frames is one of the most important aspects of studies on frame
theory, not only in theory but in practice [3, 12, 18, 20, 16]. Recall that for
two Bessel sequences F = {fi} and G = {gi} with synthesis operators T and
U , ( resp.), the pair (F ,G) is a dual pair if TU∗ = I. When we wish to use
this definition for c-fusion frames, a problem occurs:
Let (F, v) and (G,w) be two c-fusion frames in H. Since R(T ∗F,v) ⊆
L2(X,F ) and D(TG,w) = L
2(X,G) ( where R(T ∗F,v) and D(TG,w) denote the
range T ∗F,v and domain of TG,w), then TG,wT
∗
F,v is generally not well defined.
For overcome this problem, we define a new concept namely Q-dual c-fusion
frame.
Definition 3.1. Assume that (F, v) and (G,w) are c-fusion frames for H
with synthesis operators TF,v and TG,w, respectively. If there exists Q ∈
B(L2(X,F ), L2(X,G)) such that
TG,wQT
∗
F,v = IH,
then (G,w) is called a Q-dual c-fusion frame of (F, v).
Example 3.2. We attend to the Hilbert space R2 with standard base {e1, e2}.
The set
BR2 = {x ∈ R2 : ‖x‖ ≤ 1}
equipped with Lebesgue measure λ forms a measure space. Suppose B1 and
B2 be a partition of BR2 where λ(B2) ≥ λ(B1) > 1. For the Hilbert space
H = R2, we put H = {W1,W2} which W1 = span{e1} and W2 = span{e2}.
Define
F : BR2 → H
F (x) =
{
W1, x ∈ B1,
W2, x ∈ B2,
and
v : BR2 → [0,+∞)
v(x) =


1√
λ(B1)
, x ∈ B1,
1√
λ(B2)
, x ∈ B2.
Thus F is weakly measurable and (F, v) is a Parseval c-fusion frame for R2.
If we define
G : BR2 → H
G(x) =
{
W2, x ∈ B1,
W1, x ∈ B2,
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then (G, v) is a Parseval c-fusion frame for R2.
Now, let f ∈ L2(BR2 , F ) be arbitrary. Since for each x ∈ X, f(x) ∈ F (x),
then there exists αf,x, βf,x ∈ R such that
f(x) =
{
αf,xe1, x ∈ B1,
βf,xe2, x ∈ B2.
Define Q : L2(BR2 , F )→ L2(BR2 , G) by
(Qf)(x) =
{
βf,xe2, x ∈ B1,
αf,xe1, x ∈ B2.
It is easy to verify that Q ∈ B(L2(BR2 , F ), L2(BR2 , G)). Suppose y = ce1 +
de2 ∈ R2 be arbitrary. We have
TG,vQT
∗
F,v(y) =
∫
B
R2
v(x)(QvpiF y)(x)dλ(x)
=
∫
B1
1
λ(B1)
de2dλ(x) +
∫
B2
1
λ(B2)
ce1dλ(x)
= de2 + ce1
= y.
i.e., (G, v) is a Q- dual of (F, v).
The following theorem characterizes all c-fusion frames in term of a bounded
operator Q.
Theorem 3.3. Let (F, v) be a c-Bessel mapping for H with synthesis oper-
ator TF,v. Then (F, v) is a c-fusion frame for H if and only if there exists a
c-Bessel mapping (G,w) and a bounded operator Q ∈ B(L2(X,F ), L2(X,G))
such that TG,wQT
∗
F,v = IH.
Proof. At the first, suppose (F, v) is a c-fusion frame for H. For all h ∈ H
h =
∫
X
v2(x)S−1F,vpiF (x)(h)dµ(x) =
∫
X
v(x)S−1F,vv(x)piF (x)(h)dµ(x).
Put G = F , w = v and Q = S−1F,v. Conversely, suppose that BF,v and BG,w
are Bessel constants of c-Bessel mappings (F, v) and (G,w), respectively.
Since TG,wQT
∗
F,v = IH, then for each h ∈ H, we have
〈h, h〉 = 〈TG,wQT ∗F,v(h), h〉 = 〈QT ∗F,v(h), T ∗G,w(h)〉
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consequently
‖h‖2 = |〈QT ∗F,v(h), T ∗G,w(h)〉|
≤ ‖QT ∗F,v(h)‖‖T ∗G,w(h)‖
≤ ‖Q‖‖T ∗F,v(h)‖‖T ∗G,w(h)‖
≤ ‖Q‖
(∫
X
v2(x)‖piF (x)(h)‖2dµ(x)
) 1
2
(∫
X
w2(x)‖piG(x)(h)‖2dµ(x)
) 1
2
≤ ‖Q‖√BG,w‖h‖
(∫
X
v2(x)‖piF (x)(h)‖2dµ(x)
) 1
2
.
Thus, for any h ∈ H,
B−1G,w‖Q‖−2‖h‖2 ≤
∫
X
v2(x)‖piF (x)(h)‖2dµ(x)
i.e., (F, v) is a c-fusion frame for H. Similarly, (G,w) is a c-fusion frame for
H with lower bound B−1F,v‖Q‖−2. 
The following theorem collects some properties of Q-dual of c-fusion frames
that are analogous to corresponding ones for dual frames with similar proofs,
[7].
Theorem 3.4. Let (F, v) and (G,w) be c-Bessel mappings for H with syn-
thesis operators TF,v and TG,w, respectively. Also, let Q ∈ B(L2(X,F ), L2(X,G)).
Then the following conditions are equivalent:
(1) TG,wQT
∗
F,v = IH;
(2) TF,vQ
∗T ∗G,w = IH;
(3) T ∗F,v is injective, TG,wQ is surjective and
(T ∗F,vTG,wQ)
2 = T ∗F,vTG,wQ;
(4) T ∗G,w is injective, TF,vQ
∗ is surjective and
(T ∗G,wTF,vQ
∗)2 = T ∗G,wTF,vQ
∗;
(5) For all h, k ∈ H, 〈h, k〉 = 〈QT ∗F,v(h), T ∗G,w(k)〉 = 〈Q∗T ∗G,w(h), T ∗F,v(k)〉.
In case any of these equivalent conditions are satisfied, (F, v) and (G,w)
are c-fusion frames, (G,w) is a Q-dual for (F, v) and (F, v) is a Q∗-dual for
(G,w).
The following theorem expresses the uniqueness of the operator Q.
Theorem 3.5. Let (F, v) and (G,w) be two c-Bessel mappings for H with
synthesis operators TF,v and TG,w, respectively. Also, let T
∗
F,v and T
∗
G,w be
surjective operators. If there exists Q ∈ B(L2(X,F ), L2(X,G)) such that
(G,w) is a Q-dual of (F, v), then the operator Q is unique.
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Proof. Assume (G,w) is Q1-dual and Q2-dual of (F, v). Consider Q = Q1−
Q2 6= 0. Then there exists 0 6= f ∈ L2(X,F ) such that Qf 6= 0. On the other
hand, there exists h0 ∈ H such that T ∗F,vh0 = f , because T ∗F,v is surjective.
Hence (QT ∗F,v)(h0) 6= 0. Furthermore (TG,wQT ∗F,v)(h0) = 0. Now, we have
〈(TG,wQT ∗F,v)(h0), h〉 = 0, h ∈ H.
Thus 0 6= (QT ∗F,v)(h0) ⊥ range(T ∗G,w), which implies that T ∗G,w is not sur-
jective. 
Now we want to find a necessary condition on Q such that (G, v) is a
Q-dual of (F, v). We require the following the lemma.
Lemma 3.6. [21] Let (F, v) be a c-fusion frame for H with bounds AF,v and
BF,v. Then
AF,v dimH ≤
∫
X
v2(x) dimF (x)dµ(x) ≤ BF,v dimH.
Furthermore, if dimH < +∞, then
AF,v ≤
∫
X
v2(x)dµ(x) ≤ BF,v dimH.
Theorem 3.7. Let dimH < +∞. Let (F, v) and (G, v) be c-Bessel map-
pings for H with upper bounds BF,v and BG,v, respectively. Also, let Q ∈
B(L2(X,F ), L2(X,G)). If (G, v) is a Q-dual of (F, v), then
‖Q‖ ≥ (dimH)
−1√
BF,v, BG,v
.
Proof. For h ∈ H
‖h‖2 ≤ ‖Q‖‖T ∗F,v(h)‖‖T ∗G,w(h)‖
≤ ‖Q‖
(∫
X
v2(x)‖piF (x)(h)‖2dµ(x)
) 1
2
(∫
X
w2(x)‖piG(x)(h)‖2dµ(x)
) 1
2
≤ ‖Q‖‖h‖2
(∫
X
v2(x)dµ(x)
) 1
2
(∫
X
w2(x)dµ(x)
) 1
2
.
Therefore, ‖Q‖−1 ≤ (∫
X
v2(x)dµ(x)
) 1
2
(∫
X
w2(x)dµ(x)
) 1
2 . Lemma 3.6 fol-
lows that
‖Q‖−1 ≤√BF,v, BG,v dimH.

If (F, v) is a c-fusion frame for H with frame bounds AF,v and BF,v, then
TF,v is a bounded mapping and surjective. Therefore, on H, the operator
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T
†
F,v is given explicitly by T
†
F,v = T
∗
F,vS
−1
F,v and
‖T †F,v‖ ≤
√
BF,v
AF,v
.
The following theorem answers to one of the most popular questions on frame
theory titled perturbation of frames [7]. The c-fusion version of perturbation
theorem investigated at the following theorem.
Theorem 3.8. Suppose (F, v) is a c-fusion frame for H with frame bounds
AF,v and BF,v and (G,w) is a c-Bessel mapping for H. If there exist λ and
µ such that λ+ µ
√
BF,v
AF,v
< 1 and for all f ∈ L2(X,F )
‖
∫
X
(v(x)f(x)− w(x)Qf(x)) dµ(x)‖ ≤ λ‖
∫
X
v(x)f(x)dµ(x)‖
+ µ
(∫
X
‖f(x)‖2dµ(x)
) 1
2
,
where Q ∈ B(L2(X,F ), L2(X,G)), then (G,w) is a c-fusion frame.
Proof. For each h ∈ H, we have
‖h− TG,wQT †F,v(h)‖ = ‖TF,vT †F,v(h)− TG,wQT †F,v(h)‖
≤ λ‖h‖ + µ‖T †F,vh‖
≤
(
λ+ µ
√
BF,v
AF,v
)
‖h‖
< ‖h‖.
Therefore TG,wQT
†
F,v is an invertible operator on H and
‖(TG,wQT †F,v)−1‖ ≤
1
1− ‖I − TG,wQT †F,v‖
.
Note that for h ∈ H,
h = (TG,wQT
†
F,v)(TG,wQT
†
F,v)
−1(h)
and
〈h, h〉 = 〈(TG,wQT †F,v)−1(h), (TG,wQT †F,v)∗(h)〉.
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Thus
‖h‖2 ≤ ‖(TG,wQT †F,v)−1(h)‖‖(TG,wQT †F,v)∗(h)‖
= ‖(TG,wQT †F,v)−1(h)‖‖(T †F,v)∗Q∗T ∗G,w(h)‖
≤ ‖(TG,wQT †F,v)−1(h)‖‖T †F,v‖‖Q‖‖T ∗G,w(h)‖
≤
√
BF,v
AF,v
‖Q‖
1− ‖I − TG,wQT †F,v‖
‖h‖
(∫
X
w2(x)‖piG(x)(h)‖2dµ(x)
) 1
2
.
consequently, (G,w) is a c-fusion frame. 
Now we want to represent the importance of c-fusion frames definition.
It is both necessary and sufficient for us to be able to string together c-
fusion frames for each of the subspace F (x) (with uniformly bounded frame
constants) to get a continuous frame for whole H.
Theorem 3.9. For each x ∈ X, let F (x) ∈ H and Fx be a continuous frame
for F (x) with frame bounds Ax and Bx. Suppose
0 < A = inf
x∈X
Ax ≤ sup
x∈X
Bx = B <∞.
Also, let v : X → [0,+∞) be a measurable mapping such that v 6= 0 a.e.
The following conditions are equivalent:
(1) (F, v) is a c-fusion frame for H.
(2) For each x ∈ X, v(x)Fx is a continuous frame for H.
Proof. Since Fx is a continuous frame for F (x) with the frame bounds Ax
and Bx, we obtain
A
∫
X
v2(x)‖piF (x)h‖2dµ(x) ≤
∫
X
v2(x)Ax‖piF (x)h‖2dµ(x)
≤
∫
X
∫
X
|〈h, v(x)Fx(y)〉|2dµ(y)dµ(x)
≤
∫
X
v2(x)Bx‖piF (x)h‖2dµ(x)
≤ B
∫
X
v2(x)‖piF (x)h‖2dµ(x),
for h ∈ H. This shows that provided v(x)Fx is a continuous frame for H
with bounds Av(x)Fx and Bv(x)Fx , then (F, v) forms a c-fusion frame for H
with frame bounds Av(x)FxB
−1 and A−1Bv(x)Fx . Moreover, if (F, v) is a c-
fusion frame for H with frame bounds AF,v and BF,v, the above calculations
implies that v(x)Fx is a continuous frame for H with bounds AAF,v and
BBF,v. 
The following theorem provides a method to obtain dual c-fusion frames
in Hilbert spaces.
ON THE DUALITY OF C-FUSION FRAMES IN HILBERT SPACES 11
Theorem 3.10. Let v : X → [0,+∞) and w : X → [0,+∞) be measurable
mappings such that v 6= 0 and w 6= 0 a.e. For all x ∈ X, let F (x), G(x) ∈ H.
Also, suppose Fx and Gx are continuous frames for F (x) and G(x) with
bounds AFx, BFx, AGx and BGx, respectively, such that
0 < AF = inf
x∈X
AFx ≤ sup
x∈X
BFx = BF < +∞
and
0 < AG = inf
x∈X
AGx ≤ sup
x∈X
BGx = BG < +∞.
Define Q : L2(X,F )→ L2(X,G) by
(Qf)(x) =
∫
X
〈f(x), Fx(y)〉Gx(y)dµ(y)
for each f ∈ L2(X,F ). Then the following conditions are equivalent:
(1) for all x ∈ X, (v(x)Fx, w(x)Gx) is a dual pair for H.
(2) (G,w) is a Q-dual c-fusion frame (F, v).
Proof. Let x ∈ X and f ∈ L2(X,F ) be arbitrary. Since Fx is a continuous
frame for F (x), then 〈f(x), Fx(.)〉 ∈ L2(X). Therefore∫
X
〈f(x), Fx(y)〉Gx(y)dµ(y) ∈ G(x),
becauseGx is a continuous frame forG(x). The equality (Qf)(x) = TGxT
∗
Fx
f(x)
concludes that∫
X
‖(Qf)(x)‖2 ≤ BGxBFx
∫
X
‖f(x)‖2dµ(x) < +∞.
Hence, ‖Qf‖ ≤ √BGBF ‖f‖ and consequently Q ∈ B(L2(X,F ), L2(X,G)).
By Theorem 3.5, it only remains to show the duality condition. For each
h ∈ H, we have
(TG,wQT
∗
F,v)(h) =
∫
X
w(x)(QT ∗F,vh)(x)dµ(x)
=
∫
X
∫
X
w(x)〈T ∗F,vh, Fx(y)〉Gx(y)dµ(y)dµ(x)
=
∫
X
∫
X
w(x)v(x)〈piF (x)h, Fx(y)〉Gx(y)dµ(y)dµ(x)
=
∫
X
∫
X
w(x)v(x)〈h, Fx(y)〉Gx(y)dµ(y)dµ(x)
=
∫
X
∫
X
〈h, v(x)Fx(y)〉w(x)Gx(y)dµ(y)dµ(x).
i.e., the condition (G,w) is a Q-dual of c-fusion frame (F, v), is equivalent
to (v(x)Fx, w(x)Gx) is a dual pair for H for all x ∈ X. 
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